Abstract. This paper is devoted to introduce and investigate the notion of monotone sets in Hadamard spaces. First, flat Hadamard spaces are introduced and investigated. It is shown that an Hadamard space X is flat if and only if X × X ♦ has F l -property, where X ♦ is the linear dual of X. Moreover, monotone and maximal monotone sets are introduced and also monotonicity from polarity point of view is considered. Some characterizations of (maximal) monotone sets, specially based on polarity, is given. Finally, it is proved that any maximal monotone set is sequentially bw× · ♦ -closed in X × X ♦ .
Preliminaries
In this section, we collect some fundamental definitions and general notations of Hadamard spaces that will be used throughout of this paper. For background materials on Hadamard spaces, we refer to the standard texts and literatures such as [2, 3, 5, 6] .
Given a metric space (X, d), a geodesic path from x ∈ X to y ∈ X is a map c : In 2008, Berg and Nikolaev [5] introduced the concept of quasilinearization in abstract metric spaces. Ahmadi Kakavandi and Amini [2] defined the dual space for an Hadamard space (X, d) by using the concept of quasilinearization of it. More precisely, let X be an Hadamard space. For each x, y ∈ X, the ordered pair (x, y) ∈ X 2 is denoted by − → xy and will be called a bound vector in which x and y are called tail and head of − → xy, respectively. For each x ∈ X, the zero bound vector at x ∈ X will be written as 0 x := − → xx. We identify two bound vectors − − → xy and − → yx. The bound vectors − → xy and − → uz are called admissible if y = u. The operation of addition of two admissible bound vectors − → xy and − → yz is defined by − → xy + − → yz = − → xz. The quasilinearization map is defined by
For each a, b, c, d, u ∈ X we have:
An approach to characterization of the CAT(0) spaces have been proved in [5, Corollary 3] based on Cauchy-Schwarz inequality. More precisely, a geodesic space (X, d) is a CAT(0) space if and only if for each a, b, c, d ∈ X we have:
Consider the map
where C(X, R) is the space of all continuous real-valued functions on R×X
2
. It follows from Cauchy-Schwarz inequality (3) that Θ(t, a, b) is a Lipschitz function with Lipschitz semi-norm
Recall that the Lipschitz semi-norm on C(X, R) is defined by
The Lipschitz semi-norm (4) induces a pseudometric D on R × X 2 , which is defined by
Now, the pseudometric space (R × X 2 , D) can be considered as a subspace of the pseudometric space of all real-valued Lipschitz functions (Lip(X, R), L). It is known that (see [ 
It is easily seen that D induces an equivalence relation on R × X 2 . Indeed, the equivalence class of (t, a, b) ∈ R × X 2 is given by
The set of all equivalence classes equipped with the metric D, defined by
is called the dual space of the Hadamard space X, and is denoted by X * . By using the definition of equivalence
In general, X * acts on X 2 by
2 Throughout this paper, we use the following notation:
In [8] , Chaipunya and Kumam introduced the concept of linear dual space of an Hadamard space (X, d), as follows:
, where a ∈ X and t ∈ R. One can see that the evaluation 0 X ♦ , · vanishes on X 2 . It is worth mentioned that X ♦ is a normed space with the norm 
Definition 1.2. [2, Definition 2.4]
Let {x n } be a sequence in an Hadamard space X. The sequence {x n } is said to be weakly convergent to x ∈ X, denoted by
One can easily see that convergence in the metric implies weak convergence. 
for all z ∈ X. Definition 1.4. Let X be an Hadamard space with linear dual space X ♦ .
(i) A sequence {x n } ⊆ X is bw-convergent to x ∈ X, if {x n } is bounded and x n w −→ x. In this case, we write
In this case, we write (
Definition 1.5. For an arbitrary point p ∈ X, we define the p-coupling function of the dual pair (X, X ♦ ) by
This function is useful in the formulation of some basic results of the monotone sets in Hadamard spaces (see Proposition 3.19 Proof.
which implies that π p is sequentially bw × · ♦ -continuous. Moreover, since convergence in the metric implies weak convergence, we conclude that π p is continuous.
(
The proof is completed. 
(iv) f is strongly convex with parameter κ > 0 if,
2 , for each x, y ∈ X and λ ∈ [0, 1].
(v) When f is proper, an element x ∈ X is said to be a minimizer of f , if f (x) = inf z∈X f (z).
The set of all proper, l.s.c. and convex extended real-valued functions on X is denoted by Γ(X). 
Remark 1.9. For each x ∈ X and each x
We use the notation M 
Proof. By using Remark 1.9(i)&(iii), we obtain:
On the other hand, for each z ∈ X and (x,
Now, by taking the infimum over z ∈ X, we obtain
Flat Hadamard spaces
Let X be an Hadamard space with linear dual space X ♦ and M ⊆ X × X ♦ . The domain and range of M are defined, respectively, by
and
Definition 2.1. Let X be an Hadamard space with linear dual space X ♦ and p ∈ X be fixed. We say that M ⊆ X × X ♦ satisfies F l -property if for each λ ∈ [0, 1], x ♦ ∈ Range(M) and each x, y ∈ Dom(M),
Remark 2.2. Let M ⊆ X × X ♦ satisfies in F l -property for some p ∈ X. Let q ∈ X be arbitrary. Then for each λ ∈ [0, 1], x ♦ ∈ Range(M) and each x, y ∈ Dom(M),
Thus F l -property is independent of the choice of the point p. 
Proposition 2.4. An Hadamard space X is flat if and only if X × X ♦ has F l -property.
where n ∈ N, 1 ≤ i ≤ n, α i , t i ∈ R and a i , b i ∈ X. Hence, by using Lemma 2.3 we get:
Therefore X × X ♦ has F l -property. For the converse, it is sufficient to consider p := x and
The next example shows that there exists a relation M ⊆ X × X ♦ , in a non-flat Hadamard space X, which doesn't have the F l -property. Moreover, it is easy to check that in any Hadamard space (X, d) with linear dual space 
The geodesic joining x = [(n, t)] to y = [(m, s)] is defined as follows: 
For each λ ∈ (0, Proof. Let a, b ∈ X and λ ∈ [0, 1]. Then
Now, inequalities (7), (8) and (5) 
s.c. and convex. (ii) Define the mapping h
Proof. (i): It is clear that is proper. Lower semi-continuity of follows from lower semicontinuity of f and Proposition 1.6(i). It follows from Lemma 2.7 and convexity of f that is convex.
(ii): Similarly, h is proper and lower semi-continuous. Let a, b ∈ X and λ ∈ [0, 1]. By using the convexity of and CN-inequality (1), we get:
h((1 − λ)a ⊕ λb) = ((1 − λ)a ⊕ λb) + 
Thus h is strongly convex with the parameter κ = Proof. Since X is flat, Proposition 2.4 implies that X × X ♦ has F l -property and hence for each y ♦ ∈ X ♦ , X × {y ♦ } as a subset of X × X ♦ has this property too. Now, Proposition 2.8 completes the proof.
